
Introduction

Forest managers must respond to current demands
and consider forests as multi-purpose sites (in terms
of carbon storage, landscape value, as recreational
sites, etc.). For this purpose, they need tools to evaluate
different management practices and their effects on
stand structure. The development of growth models for
the species (Rojo et al., 2005; Diéguez-Aranda et al.,
2006; Gorgoso-Varela et al., 2008) has enabled
promotion of the productive and protective aspects of
birch and pedunculate oak stands in northwest Spain.
Diameter class models enable managers to predict

stand growth and plan various uses, and they also
provide data about stand structure. Such models are
used to estimate stand variables and their structure with
a probably density function (PDF) or a cumulative
distribution function (CDF), either of which is fitted
to diameter at breast height distributions or individual
tree volume.

The main purpose of this study was to compare the
accuracy of the Weibull and the Johnson’s SB PDFs,
fitted with some of the most usual methods (3 methods
for the Weibull PDF: Maximum Likelihood, Moments
and Percentiles; and 4 methods for the Johnson’s SB

PDF: Conditional Maximum Likelihood, Moments,
Mode and Knoebel and Burkhart’s method). The scope
of the present paper is limited to fitting distributions
to data comparing distributions with different numbers
of parameters.
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Abstract

Aim of study. In this study we compared the accuracy of the Weibull and the Johnson’s SB functions for describing
diameter distributions in pedunculate oak (Quercus robur L.) and birch (Betula pubescens Ehrh.) stands.

Area of study. Galicia (Northwest Spain).
Material and Methods. A total of 172 diameter distributions in pedunculate oak and 202 in birch stands were finally

evaluated. We compared the accuracy of three commonly used estimation methods of the Weibull and four estimation
methods of the Johnson’s SB functions for describing these diameter distributions.

Main results. For Quercus robur L. stands, the most suitable methods were the Percentiles followed by Maximum
Likelihood for the Weibull PDF and the method of Moments for the Johnson’s SB PDF. For Betula pubescens Ehrh.
stands, the best fits obtained with the Percentiles and Maximum Likelihood methods were also superior to the method
of Moments, whereas the Conditional Maximum Likelihood and method of Moments provided the best results for the
Johnson’s SB PDF, depending on the statistic and the value of the location parameter considered.

Research highlights. Both distributions were suitable. The results were better for pedunculate oak than for birch
stands.
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Material and methods

Data set

In total, 172 diameter distributions in pedunculate
oak and 202 in birch stands were finally evaluated in
the present study. The size of the plots ranged from
200 m2 to 1,000 m2 in birch stands. In the pedunculate
oak stands, plots ranged in size from 225 m2 to
1,345 m2 (depending on the stand density), to achieve
a minimum of 30 trees per plot in both species.

Two perpendicular diameters at breast height were
measured with calipers, to the nearest 0.1 cm, and the
arithmetic average was calculated. The empirical data
represent left-truncated distributions in many cases,
as the smallest diameter measured in the field was 5
cm. In total, 16,210 diameter measurements in birch
stands and 10,248 measurements in oak stands were
available for analysis. Summary of main stand
variables for the study stands are shown in Table 1.

Model fitting

The Weibull function

The three-parameter Weibull CDF is obtained by
integrating the Weibull PDF, and has the following
expression for a continuous random variable x:

[1]

where F(x) is the cumulative relative frequency of trees
with diameter equal to or smaller than x, a is the

location parameter, b is the scale parameter and c is
the shape parameter. Three methods of estimating the
parameters of the Weibull distribution were compared:
Percentiles (PW), Maximum Likelihood (ML) and
Moments (MMW) used by Zhang et al. (2003).

Location parameter a of the function was considered
in all f itting methods as dmin – c, with c = 5%, 10%,
15% and 20% of the minimum diameter observed in
each distribution. Similar values proposed Zhang et al.
(2003) if diameters of 10 cm are considered.

The Johnson’s SB function

The model of the SB PDF (Johnson, 1949) has the
following expression for a continuous random variable
x:

[2]

where f(x) is the probability density associated with dia-
meter x, ε < x < ε + λ, –∞ < ε < + ∞, – ∞ < γ < + ∞,
λ > 0, and δ > 0.

The model is characterized by the location parame-
ter ε, the scale parameter λ, and the shape parameters
γ and δ (asymmetry and kurtosis parameters, res-
pectively). Four methods of estimating the Johnson´s
SB parameters were compared: Conditional Maximum
Likelihood (CML), Moments (MMJ), Mode (MJ) and
Knoebel and Burkhart’s (KB) method (Knoebel and
Burkhart, 1991).

Location parameter ε of the function was considered
in the CML, MMJ and MJ methods as dmin – c, with
c = 5%, 10%, 15% and 20% of the minimum diameter
observed in each distribution. In these fitting methods,
the scale parameter λ of the function was considered
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Table 1. Summary of main stand variables for the study stands

Variable Mean Maximum Minimum Standard 
deviation

Quercus robur L. (N = 172) dg 21.9 40.0 8.6 6.1
N 873.9 3,022.2 302.2 481.6
H0 17.0 25.6 7.2 3.3
G 28.3 72.9 3.4 9.2

Betula pubescens Ehrh. (N = 202) dg 15.1 26.1 7.4 3.8
N 1,690.9 6,000.0 350.0 1,077.6
H0 16.1 24.5 3.7 3.7
G 26.7 76.4 3.3 11.1

dg: Quadratic mean diameter (cm); N: Density (trees · ha–1); H0: Dominant height (m); G: Basal area (m2 · ha–1).



as the maximum diameter observed in each distribution
(dmax).

In the f its with the KB method, the location and
scale parameters (ε and λ) were predetermined accor-
ding to Knoebel and Burkhart (1991).

Model comparison

The consistency of the model and the fitting method
used were evaluated by the bias, mean absolute error
(MAE), and mean square error (MSE), with the
following expressions:

[3]

[4]

[5]

where Yi is the relative frequency of trees observed
value in each diameter class, Ŷi is the theoretical value
predicted by the model, and N is the number of data
points.

The Bias, MAE and MSE values were calculated for
each fit in the mean relative frequency of trees for all
combinations of diameter classes (1 cm) and plots. The
Weibull PDF was used for reliable comparison of
results instead the CDF.

The Kolmogorov-Smirnov (KS) statistic (Dn) for a
given cumulative distribution function F(x) was also
used to evaluate and compare the results as Cao (2004):
Dn = supx|Fn(x) – F0(x)|, where sup x is the supremum
of the set of distances, where the cumulative observed
frequency Fn(x) is compared with the cumulative
estimated frequency F0(x).

Results and discussion

The mean values of bias, mean absolute error
(MAE), mean square error (MSE) in relative frequency
of trees, and the mean value and the standard deviation
of the Kolmogorov-Smirnov statistic (Dn) for the fits
in Quercus robur stands (N = 172 plots) and the
corresponding statistics for Betula pubescens stands

(N = 202 plots) are shown in Table 2. The number of
trees per ha observed and fitted by four methods for
the Johnson’s SB PDF and three methods for the
Weibull PDF, with c = 10% of the minimum observed
diameter in four plots of Quercus robur and Betula
pubescens stands, are shown in Fig. 1.

Both functions were suitable for f itting diameter
distributions in pedunculate oak and birch stands in
northwest Spain. The Johnson’s SB PDF provided the
best results for the KS statistic (Dn) in both species
except for MJ method, while the Weibull PDF generally
provided the best fits, in terms of MAE and MSE. Bias
may be less important in the comparison of results
because errors with different signs can be compen-
sated. The results were more accurate in pedunculate
oak than in birch stands for all statistics compared.

For the fits of the Weibull PDF to Quercus robur L.
stands, the most accurate results were obtained gene-
rally with the method of the Percentiles (PW), in terms
of the MAE, MSE and Dn statistics and considering all
the four parameters of location compared. However,
the lowest value of the Dn statistic was obtained with
the Maximum Likelihood (ML) approach, considering
c = 5% of the minimum observed diameter. The most
suitable value of c was 10% in terms of MSE in all
three f itting methods. For the Dn statistic, the best
results were obtained with c = 20% in PW, c = 5% in
ML and c = 10% in MMW. Different values of the
location parameter a of the Weibull PDF were com-
puted in several studies (Río, 1999; Zhang et al., 2003;
Cao, 2004; Palahí et al., 2007; Gorgoso et al., 2012).

For the Johnson’s SB PDF, the lowest values of Dn

were obtained with the Moments approach (MMJ),
with c = 5% and c = 10%. The mode (MJ) method
clearly provided the poorest results. Good fits with this
method in same plots are shown in Fig. 1; however, in
other cases the fits are clearly more biased than with
the other methods (see the B. pubescens plot: 1BAR).
Another problem with this method was in determining
the mode value in same plots. Finally, the KB method
was slightly inferior to MMJ and CML in terms of Dn,
but values of MAE and MSE were similar to those
obtained by the CML when c = 10%. Different values
of the location parameter in Johnson’s SB function have
been compared in several studies (Knoebel & Burk-
hart, 1991; Zhou & McTague, 1996; Zhang et al.,
2003; Scolforo et al., 2003; Parresol, 2003; Palahí et
al., 2007; Fonseca et al., 2009; Gorgoso et al., 2012).

In the fits of the Weibull PDF to Betula pubescens
Ehrh. stands, the most accurate results were obtained
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with the ML method in terms of the KS statistic (Dn),
with c = 5% and c = 10% of the minimum observed
diameter in the plot. However, in all cases, the best re-
sults of MAE and MSE were obtained by the percen-
tiles method (PW), i.e. the results were similar to those
for pedunculate oak stands. The most appropriate value
of the location parameters in terms of MSE were
obtained when c = 15% in PW and ML approaches and
when c = 20% with MMW. Nevertheless, higher values
of the KS statistic were obtained with low values of
the location parameter, except in case of the PW, for
which the smallest value was obtained with c = 20%.

In case of the Johnson’s SB PDF, the lowest values
of Dn were obtained with the Conditional Maximum

Likelihood approach (CML), with c = 5% followed by
c = 10%. However, the best results in terms of MAE
and MSE were obtained with the method of Moments
(MMJ) with c = 20%. The method of the Mode (MJ)
was not suitable for this stands and in 3 of the plots the
mode value was not able to be computed. In relation
to the KB, this method was slightly inferior to MMJ
and CML in terms of Dn but provided similar values
of MAE and MSE as CML and MMJ when c = 10% in
both cases.

In both species results in terms of KS statistic were
better with the Johnson’s SB function although this
four-parameter model is more complex than the three-
parameter Weibull distribution.
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Table 2. Mean values of bias, mean absolute error (MAE), mean square error (MSE) in relative frequencies of number of
trees and mean value and standard deviation of the Kolmogorov-Smirnov (KS) statistic (Dn) for the fits with the Weibull and
the Johnson’s SB functions to data from Quercus robur stands (N = 172 plots) and Betula pubescens (N = 202 plots)

Parameter a
Quercus robur

�
Betula pubescens

Bias MAE MSE Dn Bias MAE MSE Dn

Weibull (PW) dmin – 5% 0.001018 0.018537 0.000608 0.1416 (0.0410) 0.001119 0.019446 0.000713 0.1804 (0.0559)
dmin – 10% 0.001047 0.018489 0.000607 0.1396 (0.0399) 0.001161 0.019318 0.000708 0.1787 (0.0553)
dmin – 15% 0.001119 0.018491 0.000609 0.1381 (0.0391) 0.001251 0.019250 0.000707 0.1773 (0.0548)
dmin – 20% 0.001181 0.018489 0.000610 0.1370 (0.0387) 0.001353 0.019211 0.000707 0.1761 (0.0544)

Weibull (ML) dmin – 5% 0.000819 0.018829 0.000622 0.1358 (0.0416) 0.000826 0.020049 0.000761 0.1718 (0.0600)
dmin – 10% 0.000820 0.018758 0.000620 0.1399 (0.0413) 0.000836 0.019823 0.000747 0.1759 (0.0608)
dmin – 15% 0.000870 0.018751 0.000622 0.1427 (0.0414) 0.000912 0.019729 0.000744 0.1788 (0.0612)
dmin – 20% 0.000930 0.018763 0.000625 0.1451 (0.0417) 0.001004 0.019684 0.000745 0.1810 (0.0615)

Weibull (MMW) dmin – 5% 0.000774 0.018812 0.000622 0.1416 (0.0374) 0.000740 0.020077 0.000761 0.1771 (0.0580)
dmin – 10% 0.000849 0.018740 0.000620 0.1414 (0.0365) 0.000847 0.019850 0.000748 0.1772 (0.0579)
dmin – 15% 0.000946 0.018727 0.000622 0.1419 (0.0367) 0.000980 0.019726 0.000742 0.1781 (0.0583)
dmin – 20% 0.001038 0.018731 0.000624 0.1428 (0.0372) 0.001110 0.019659 0.000741 0.1791 (0.0590)

Parameter εε Bias MAE MSE Dn Bias MAE MSE Dn

Johnson’s SB (CML) dmin – 5% 0.000808 0.019515 0.000667 0.1128 (0.0316) 0.000973 0.021845 0.000906 0.1231 (0.0332)
dmin – 10% 0.000667 0.019153 0.000640 0.1139 (0.0332) 0.000761 0.020937 0.000829 0.1260 (0.0381)
dmin – 15% 0.000612 0.018996 0.000629 0.1169 (0.0359) 0.000674 0.020428 0.000791 0.1295 (0.0425)
dmin – 20% 0.000599 0.018916 0.000625 0.1208 (0.0385) 0.000648 0.020117 0.000768 0.1334 (0.0456)

Johnson’s SB (MMJ) dmin – 5% 0.000521 0.019058 0.000637 0.1077 (0.0306) 0.000506 0.021111 0.000845 0.1268 (0.0369)
dmin – 10% 0.000549 0.018878 0.000625 0.1077 (0.0339) 0.000528 0.020585 0.000801 0.1261 (0.0381)
dmin – 15% 0.000598 0.018764 0.000620 0.1096 (0.0374) 0.000576 0.020198 0.000772 0.1272 (0.0407)
dmin – 20% 0.000663 0.018701 0.000617 0.1131 (0.0406) 0.000647 0.019936 0.000754 0.1299 (0.0434)

Johnson’s SB (MJ) dmin – 5% 0.000733 0.024546 0.001798 0.2470 (0.1211) 0.001245 0.033421 0.003122 0.2848 (0.1477)
dmin – 10% 0.000797 0.023624 0.001326 0.2376 (0.1177) 0.001035 0.031955 0.002470 0.2711 (0.1411)
dmin – 15% 0.000926 0.022968 0.001125 0.2267 (0.1119) 0.001114 0.030784 0.002099 0.2583 (0.1309)
dmin – 20% 0.001075 0.022529 0.001015 0.2176 (0.1057) 0.001282 0.029835 0.001862 0.2481 (0.1246)

Jonhson’s SB (KB) dmin – 1.3 0.000391 0.018939 0.000641 0.1295 (0.0460) 0.000441 0.020281 0.000813 0.1594 (0.0506)

dmin (cm): minimum observed diameter; PW: percentiles; ML: maximum likelihood; MMW: method of moments for the Weibull
function; CML: Conditional Maximum Likelihood; MMJ: method of moments for the Johnson’s SB function; MJ: mode; KB:
Knoebel and Burkhart’s method.
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Figure 1 (a, b, c, d, e, f, g and h). Observed and corresponding fitted distributions for 4 plots.
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